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Abstract
In this paper, the irreducibility of the composition of polynomials ðdx2 þ rx þ
hÞnPðax2þbxþc
dx2þrxþhÞ with nX1 being the degree of PðxÞAFq½x is considered. Furthermore, some
recurrent methods for constructing families of monic irreducible (including self-reciprocal)
polynomials of degree n2kðk ¼ 1; 2; 3;yÞ over a ﬁnite ﬁeld of odd characteristics is given.
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let Fq be the Galois ﬁeld of order q ¼ ps; where p is an odd prime and s is a
natural number. This paper presents results on the constructive theory of the
synthesis of irreducible polynomials over Fq: Such polynomials are used to
implement arithmetic in extension ﬁelds and are found in many applications,
including coding theory [1,12,13], cryptography [2,4,9], computer algebra systems [3],
multivariate polynomial factorization [8], and parallel polynomial arithmetic [7].
Although, in the above-mentioned applications mainly irreducible polynomials over
a ﬁnite ﬁeld of even characteristics are needed (with exception to coding theory and
elliptic curves cryptosystems), the construction of irreducible polynomials over any
ﬁnite ﬁeld is a challenging mathematical problem. Some results on the construction
of irreducible polynomials over F2n the interested reader can ﬁnd in [11,15].
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The following problem was considered in [5] by Cohen.
Let f ðxÞ; gðxÞAFq½x and let PðxÞ ¼
Pn
i¼0 cix
iAFq½x of degree n: Then the
following composition
FðxÞ ¼ gnðxÞPðf ðxÞ=gðxÞÞ ¼
Xn
i¼0
cif
iðxÞgniðxÞ
is again a polynomial in Fq½x: The problem is to determine under what conditions
FðxÞ is irreducible over Fq: Obviously, for FðxÞ to be irreducible, PðxÞ must be
irreducible and f ðxÞ and gðxÞ be relatively prime.
Theorem 1 (Cohen [5]). Let f ðxÞ; gðxÞAFq½x; and let PðxÞAFq½x be an irreducible
polynomial of degree n: Then FðxÞ ¼ gnðxÞPðf ðxÞ=gðxÞÞ is irreducible over Fq if and
only if f ðxÞ  agðxÞ is irreducible over Fqn for some root aAFqn of PðxÞ:
The aim of this paper is to describe possible quadratic transformations
PðxÞ-ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
into the ring Fq½x; allowing to construct explicitly irreducible polynomials of higher
degree from the given polynomial PðxÞ: Furthermore, the paper presents
transformations with fewer (in comparison with the known ones) restrictions on
the given irreducible polynomial PðxÞ; these transformations, detailed later in the
paper, will be less costly to implement than the known transformations. The cost of
the implementation is the number of arithmetical operations, which are required to
perform the transformation. Such transformations are given in Corollaries 10 and
12, as well as in Theorems 5–7. Note that a special case of this quadratic
transformation when a ¼ 1; d ¼ 0; b; r; c; hAFq was studied in [10].
2. Irreducibility of a composition of polynomials
Let PðxÞ be an irreducible polynomial of degree n over Fq; and ax2 þ bx þ c and
dx2 þ rx þ h be relatively prime polynomials from Fq½x with a or d being non-zero.
Further, it is always assumed that PðxÞ is monic.
Set
Hða; dÞ ¼ a
n if d ¼ 0;
dnPða
d
Þ if da0:
(
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Our goal is to ﬁnd conditions under which the quadratic mapping
PðxÞ-ðHða; dÞÞ1ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
produces an irreducible polynomial over Fq:
We shall start our study with the case r2a4dh: Theorems 2–4 give methods for
constructing irreducible polynomials over Fq of odd characteristics. Special cases of
the presented constructions are in agreement with the constructions of inﬁnite
families of irreducible polynomials given by S. Cohen and H. Meyn in [6,15,16].
Further we shall study the case r2 ¼ 4dh: Theorems 5–7 also give methods to
construct irreducible polynomials over Fq of odd characteristic, where fewer
restrictions are placed on the given irreducible polynomial PðxÞ: Further, the number
of arithmetical operations needed to carry out the constructions by the proposed
methods is about half as many as by the known ones (see Corollaries 10 and 12). Unlike
the methods given in [6,14–16], the method of construction given in Theorem 6 does not
impose any restriction on the degree of the given polynomial (based upon the value of
q). More precisely, Theorem 6 gives a method to construct an irreducible polynomial
of degree n2k (n; kX1 are arbitrary integers over any ﬁeld of odd characteristic).
Case r2a4dh:
Theorem 2. Let q be odd, PðxÞax be an irreducible polynomial of degree nX1 over Fq;
and ax2 þ bx þ c and dx2 þ rx þ h be relatively prime polynomials from Fq½x; with a
or d being non-zero and r2a4dh: Suppose
ðahÞ2 þ ðcdÞ2 þ acr2 þ b2dh  bcdr  abhr  2acdh ¼ d2 ð1Þ
for some da0 from Fq:
Then the polynomial
FðxÞ ¼ ðHða; dÞÞ1ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
ð2Þ
is irreducible over Fq if and only if the element
ðr2  4dhÞnP br  2ðcd þ ah  dÞ
r2  4hd
 
P
br  2ðcd þ ah þ dÞ
r2  4hd
 
ð3Þ
is a non-square in Fq (denote expression (3) by A).
Proof. By using the irreducibility of PðxÞ over Fq; we have the following relation
over Fqn :
PðxÞ ¼
Yn1
u¼0
ðx  aquÞ; ð4Þ
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where a is a root of PðxÞ: Substituting ax2þbxþc
dx2þrxþh for x in (4) and multiplying its both
sides by ðdx2 þ rx þ hÞn; we obtain
F1ðxÞ ¼ ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
¼
Yn1
u¼0
ðða  daquÞx2 þ ðb  raquÞx þ ðc  haquÞÞ: ð5Þ
By Theorem 1 F1ðxÞ is irreducible over Fq if and only if the polynomial ða 
daÞx2 þ ðb  raÞx þ ðc  haÞ is irreducible over Fqn : This is equivalent to the
condition that the element
ðr2  4hdÞa2  2ðbr  2dc  2ahÞaþ b2  4ac ¼ DðaÞ
is a non-square in Fqn : Since we are taking the left-hand side of (1) as a none-zero
square d2 in Fq; we have
DðaÞ ¼ ðr2  4hdÞ br  2ðcd þ ah  dÞ
r2  4hd  a
 
br  2ðcd þ ah þ dÞ
r2  4hd  a
 
:
The element DðaÞ is a non-square in Fqn if and only if ðDðaÞÞ
qn1
2 ¼ 1; which is the
case. Indeed,
ðDðaÞÞ
qn1
2 ¼ ðr2  4hdÞ br  2ðcd þ ah  dÞ
r2  4hd  a
 
 br  2ðcd þ ah þ dÞ
r2  4hd  a
 qn1
2
¼
"
ðr2  4hdÞ br  2ðcd þ ah  dÞ
r2  4hd  a
 
:
 br  2ðcd þ ah þ dÞ
r2  4hd  a
 qn1
q1
3
5
q1
2
¼
Yn1
u¼0
ðr2  4hdÞ br  2ðcd þ ah  dÞ
r2  4hd  a
 (
 br  2ðcd þ ah þ dÞ
r2  4hd  a
 qu)q12
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¼
Yn1
u¼0
ðr2  4hdÞ br  2ðcd þ ah  dÞ
r2  4hd  a
qu
 (
 br  2ðcd þ ah þ dÞ
r2  4hd  a
qu
 q1
2
¼ ðr2  4hdÞnP br  2ðcd þ ah  dÞ
r2  4hd
 
 P br  2ðcd þ ah þ dÞ
r2  4hd
 q1
2 ¼ 1;
since A; as deﬁned in (3) is a non-square in Fq:
Observe that since a  da is a non-zero element in Fqn
F1ðxÞ ¼
Yn1
u¼0
ða  daquÞ x2 þ b  ra
a  da
 qu
x þ c  ha
a  da
 qu !
¼Hða; dÞ
Yn1
u¼0
x2 þ b  ra
a  da
 qu
x þ c  ha
a  da
 qu !
¼ Hða; dÞFðxÞ;
where
FðxÞ ¼
Yn1
u¼0
x2 þ b  ra
a  da
 qu
x þ c  ha
a  da
 qu !
:
Thus
FðxÞ ¼ ðHða; dÞÞ1F1ðxÞ
¼ ðHða; dÞÞ1ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
is irreducible over Fq which completes the proof. &
In Corollaries 1–5 we present choices of ax2 þ bx þ c and dx2 þ rx þ h from Fq½x;
for which (1) is automatically true and (2) has a simple form.
Corollary 1. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ ax þ c and dx2 þ dx þ h be relatively prime, where a; c; d; hAFq and ahacd;
dðd  4hÞa0: Then the polynomial
FðxÞ ¼ dnP a
d
  1
ðdx2 þ dx þ hÞnP ax
2 þ ax þ c
dx2 þ dx þ h
 
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is irreducible over Fq if and only if the element ðdðd  4hÞÞnPðadÞPða4cd4hÞ is a non-square
in Fq:
Corollary 2. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ bx þ b and dx2 þ rx þ r be relatively prime, where a; b; d; rAFq and raabd;
rðr  4dÞa0: Then the polynomial
FðxÞ ¼ ðHða; dÞÞ1ðdx2 þ rx þ rÞnP ax
2 þ bx þ b
dx2 þ rx þ r
 
is irreducible over Fq if and only if the element ðrðr  4dÞÞnPðbrÞPðb4ar4dÞ is a non-square
in Fq:
Corollary 3. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ bx þ a and dx2 þ rx þ d be relatively prime, where a; b; d; rAFq and aradb;
r2a4d2: Then the polynomial
FðxÞ ¼ ðHða; dÞÞ1ðdx2 þ rx þ dÞnP ax
2 þ bx þ a
dx2 þ rx þ d
 
is irreducible over Fq if and only if the element ðr2  4d2Þn Pðb2ar2dÞPðbþ2arþ2dÞ is a non-
square in Fq:
Corollary 4. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ bx þ c and dx2 þ rx þ h be relatively prime, where a; b; c; d; r; hAFq and a or d
are nonzero elements in Fq and r
2a4dh; b2 ¼ 4ac: Then the polynomial
FðxÞ ¼ ðHða; dÞÞ1ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
is irreducible over Fq if and only if the element ðr2  4hdÞnPð0ÞPð2ðbr2dc2ahÞr24hd Þ is a
non-square in Fq:
It is easy to prove that for the case a ¼ c ¼ r ¼ 1; h ¼ d ¼ 0; bAFq the
polynomial (2), written as
FðxÞ ¼ xnP x
2 þ bx þ 1
x
 
is self-reciprocal.
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Indeed,
FnðxÞ ¼ x2nF 1
x
 
¼ x2n 1
x
 n
P
1
x2
þ b1
x
þ 1
1
x
0
B@
1
CA
¼ xnP x
2 þ bx þ 1
x
 
¼ FðxÞ:
So we have
Corollary 5. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq: Then
for any bAFq; the self-reciprocal polynomial
FðxÞ ¼ xnP x
2 þ bx þ 1
x
 
is irreducible over Fq if and only if the element Pðb þ 2ÞPðb  2Þ is a non-square in Fq:
In particular, for b ¼ 0 Corollary 5 is in agreement with Meyn’s theorem, given as
Theorem 3.11 in [15].
Based on Theorem 2 some recurrent methods for constructing irreducible
polynomials over Fq can be given.
3. Recurrent methods
3.1. Method 1
In notation of Theorem 2, let d ¼ 0; a; b; c; r; hAFq; aa0; ra0; aar and ðahÞ2 þ
acr2  abhr ¼ d2 for some da0: Then the elements
br  2ðah  dÞ
r2
¼ z1 and br  2ðah þ dÞ
r2
¼ z2 ð6Þ
are different. Note that the following relations
az21 þ bz1 þ c
rz1 þ h ¼ z1 and
az22 þ bz2 þ c
rz2 þ h ¼ z2 ð7Þ
together with (2) imply
Fðz1ÞFðz2Þ ¼ a2n½ðrz1 þ hÞðrz2 þ hÞnPðz1ÞPðz2Þ: ð8Þ
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For the relations in (7) to hold, the elements z1 and z2 should be the roots of the
equation
ða  rÞx2 þ ðb  hÞx þ c ¼ 0
in Fq; implying
z1 þ z2 ¼ h  b
a  r and z1z2 ¼
c
a  r:
On the other hand, by (6),
z1 þ z2 ¼ 2ðbr  2ahÞ
r2
and z1z2 ¼ ðbr  2ahÞ
2  4d2
r4
:
Thus the elements a; b; c; r; h should be solutions of the following system of
equations:
2ðbr  2ahÞða  rÞ ¼ r2ðh  bÞ;
ðb2  4acÞða  rÞ ¼ cr2;
d2 ¼ ðahÞ2 þ acr2  abhr;
8><
>: ð9Þ
where the elements a; r and d are non-zeros and aar: After performing some
transformations over the ﬁrst and the second equations in (9), we get
ð2a  rÞðbr  hð2a  rÞÞ ¼ 0;
b2ða  rÞ ¼ cð2a  rÞ2;
d2 ¼ ðahÞ2 þ acr2  abhr:
8><
>:
It is easy to see that for aar
2
this system has no solution. Indeed, the ﬁrst equation
implies b ¼ hð2arÞ
r
; then the second equation gives cr2 ¼ h2ða  rÞ and ﬁnally, the
third one gives
d2 ¼ ðahÞ2 þ ah2ða  rÞ  ah2ð2a  rÞ ¼ 0;
which is a contradiction to the condition that d is non-zero.
For a ¼ r2 the last system, and consequently system (9) has the solution a ¼ r2;
b ¼ 0; c ¼ 4d2ðhrÞ2
2r3
; where r; h; d;AFq and r; da0: Hence
z1 ¼ 2d rh
r2
and z2 ¼ 2dþ rh
r2
;
M.K. Kyuregyan / Finite Fields and Their Applications 9 (2003) 39–5846
and by (8) we have
F
2d rh
r2
 
F 2dþ rh
r2
 
¼ ð1Þn 4d
r2
 2n
P
2d rh
r2
 
P 2dþ rh
r2
 
: ð10Þ
Theorem 3. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq; where n
is even if q 	 3 ðmod 4Þ; r; h; dAFq and ra0; da0: Suppose that Pð2drhr2 ÞPð2dþrhr2 Þ
is a non-square in Fq: Define
F0ðxÞ ¼ PðxÞ;
FkðxÞ ¼ 2x þ 2h
r
 tk1
Fk1 x2 þ 4d
2  ðhrÞ2
r4
 ! ,
2x þ 2h
r
 !
; kX1;
where tk ¼ n2k denotes the degree of FkðxÞ: Then FkðxÞ is an irreducible polynomial
over Fq of degree n2
k for every kX1:
Proof. It is easy to see that FkðxÞ is of degree tk ¼ n2k; kX0: According to (10), by
induction
Fk
2d rh
r2
 
Fk 2dþ rh
r2
 
¼ ð1Þnc2kF0
2d rh
r2
 
F0 2dþ rh
r2
 
; for some ckAFq; kX1;
¼ d2kF0
2d rh
r2
 
F0 2dþ rh
r2
 
; for some dkAFq;
since either 1 is a square in Fq (for q 	 1 ðmod4Þ) or n is even. Hence
Fkð2drhr2 ÞFkð2dþrhr2 Þ is always a non-square in Fq; for kX0: An application of
Theorem 2 completes our proof. &
For r ¼ d ¼ 2 and h ¼ 0 Theorem 3 is in agreement with Theorems 2 and 3.24
given by Cohen in [6,15], respectively.
The case d ¼ h2
2
and r ¼ h allows to construct explicitly a new sequence
of irreducible polynomials of degree n2k: Particularly, we have the following
corollary.
Corollary 6. Let F0ðxÞ be an irreducible polynomial of degree nX1 over Fq; where
n is even if q 	 3 ðmod 4Þ: Suppose that F0ð0ÞF0ð2Þ is a non-square in Fq: Then
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for every kX1
FkðxÞ ¼ ð2ðx þ 1ÞÞtk1Fk1 x
2
2 x þ 1ð Þ
 
is an irreducible polynomial over Fq of degree tk ¼ n2k:
3.2. Method 2
In notation of Theorem 2, let c ¼ 0; a; b; d; r; hAFq; the elements b; h and
d be non-zeros, bah; r2a4hd and ðahÞ2 þ b2dh  abhr ¼ d2; for some da0:
Then
br  2ðah  dÞ
r2  4hd ¼ z1 and
br  2ðah þ dÞ
r2  4hd ¼ z2 ð11Þ
are different. If for the elements z1 and z2 the following relations hold:
az21 þ bz1
dz21 þ rz1 þ h
¼ z1 and az
2
2 þ bz2
dz22 þ rz2 þ h
¼ z2; ð12Þ
then from (2), we have
Fðz1ÞFðz2Þ
¼ ðHða; dÞÞ2½ðdz21 þ rz1 þ hÞðdz22 þ rz2 þ hÞnPðz1ÞPðz2Þ: ð13Þ
For the relations in (12) to hold, the elements z1 and z2 should be the roots of the
equation
dx2 þ ðr  aÞx þ h  b ¼ 0
in Fq; implying
z1 þ z2 ¼ a  r
d
and z1z2 ¼ h  b
d
:
And, by (11),
z1 þ z2 ¼ 2ðbr  2ahÞ
r2  4hd and z1z2 ¼
ðbr  2ahÞ2  4d2
ðr2  4hdÞ2 :
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Thus the elements a; b; d; r; h should be the solutions of the following system of
equations:
2ðbr  2ahÞd ¼ ða  rÞðr2  4dhÞ;
b2d ¼ ðh  bÞðr2  4dhÞ;
d2 ¼ ðahÞ2 þ b2dh  abhr;
8><
>: ð14Þ
where the elements b; d; h; d are non-zeros, hab and r2a4dh:
Dividing the ﬁrst equation by the second one in system (14), we have
2ðbr  2ahÞ
b2
¼ a  r
h  b
or
2ðbr  2ahÞðh  bÞ ¼ ða  rÞb2:
Then system (14) is reduced to an equivalent system
2ðbr  2ahÞðh  bÞ ¼ ða  rÞb2;
b2d ¼ ðh  bÞðr2  4dhÞ;
d2 ¼ ðahÞ2 þ b2dh  abhr
8><
>:
and if we substitute h; r; c; a; b for a; b; d; h; r; respectively, in this system, we obtain
system (9). Therefore system (14) has a general solution only for b ¼ 2h; r ¼ 0; d ¼
d2ðahÞ2
4h3
; where a; h; dAFq and ha0; da0: Note d
2aðahÞ2; since r ¼ 0; r2a4dh and
d ¼ d2ðahÞ2
4h3
: Hence for
z1 ¼  2h
2
dþ ah and z2 ¼
2h2
d ah;
by (13) we have
F  2h
2
dþ ah
 
F
2h2
d ah
 
¼ ½Hða; dÞ2 ð2hdÞ
2
d2  ðahÞ2
 !n
P  2h
2
dþ ah
 
P
2h2
d ah
 
: ð15Þ
Theorem 4. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq; where n
is even if q 	 3 ðmod 4Þ: Let ax2 þ 2hx and dx2 þ h ðha0Þ be relatively prime
polynomials from Fq½x: Suppose dAFq; da0; d2  ðahÞ2 is a non-zero square and
M.K. Kyuregyan / Finite Fields and Their Applications 9 (2003) 39–58 49
Pð 2h2dþahÞPð 2h
2
dahÞ is a non-square in Fq: For kX1 define
F0ðxÞ ¼PðxÞ;
FkðxÞ ¼ ½Hk1ða; dÞ1ðdx2 þ hÞtk1Fk1 ax
2 þ 2hx
dx2 þ h
 
; ð16Þ
where Hk1ða; dÞ ¼ dnFk1ðadÞ; d ¼ d
2ðahÞ2
4h3
and tk ¼ n2k is the degree of FkðxÞ: Then
FkðxÞ is an irreducible polynomial over Fq of degree n2k for every kX1:
Proof. It is easy to see that FkðxÞ is of degree tk ¼ n2k; kX0: According to (15), by
induction
Fk  2h
2
dþ ah
 
Fk
2h2
d ah
 
¼ c2kF0 
2h2
dþ ah
 
F0
2h2
d ah
 
for some ckAFq; kX1;
since the element d2  ðahÞ2 is a non-zero square in Fq:
Hence Fkð 2h2dþahÞFkð 2h
2
dahÞ is a non-square in Fq for kX0; if F0ð 2h
2
dþahÞF0ð 2h
2
dahÞ is so.
Since here c ¼ r ¼ 0; b ¼ 2h and d ¼ d2ðahÞ2
4h3
; by (3) we have that
d
2  ðahÞ2
4h2
 !tk
Fk  2h
2
dþ ah
 
Fk
2h2
d ah
 
¼ Ak:
Note, ðd2ðahÞ2
4h2
Þtk is a square, because either 1 is a square in Fq (when
q 	 1 ðmod 4Þ) or tk is even, implying that Ak is a non-square in Fq for kX0:
Thus an application of Theorem 2 completes the proof. &
For a ¼ 0; d ¼ h ¼ 1; d ¼ 2 Theorem 4 gives the following corollary.
Corollary 7. Let PðxÞ be an irreducible polynomial of degree nX1 over Fq; where n is
even if q 	 3 ðmod 4Þ: Suppose that Pð1ÞPð1Þ is a non-square in Fq: For kX1 define
F0ðxÞ ¼ PðxÞ;
F1ðxÞ ¼ ðF0ð0ÞÞ1ðx2 þ 1ÞnP 2x
x2 þ 1
 
;
FkðxÞ ¼ ðx2 þ 1Þtk1Fk1 2x
x2 þ 1
 
kX2;
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where tk ¼ n2k denotes the degree of FkðxÞ: Then for every kX1 FkðxÞ is an irreducible
polynomial over Fq of degree n2
k:
The method for constructing irreducible polynomials described in Corollary 7 is
equivalent to the one given by Cohen in [6,15]. They are equivalent with regard to
restrictions placed on given polynomial PðxÞ and the number of arithmetical
operations needed to perform the transformation. So the recurrent method for
constructing irreducible polynomials over Fq given in Theorem 4 is a generalization
of the known methods described in [6,15].
Case r2 ¼ 4dh:
The following methods to construct irreducible polynomials over Fq have fewer
restrictions on the given polynomial PðxÞ and fewer arithmetical operations are
needed to perform their transformations.
Theorem 5. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ bx þ c and dx2 þ rx þ h be relatively prime polynomials from Fq½x with a or d
being non-zero, r2 ¼ 4dh and ðbr  2dc  2ahÞa0: Then the polynomial
FðxÞ ¼ ðHða; dÞÞ1ðdx2 þ rx þ hÞnP ax
2 þ bx þ c
dx2 þ rx þ h
 
ð17Þ
is irreducible over Fq if and only if the element
ð2ðbr  2dc  2ahÞÞnP b
2  4ac
2 br  2dc  2ahð Þ
 
is a non-square in Fq:
Proof. Let a be a root of PðxÞ: Then according to (5)
F1ðxÞ ¼
Yn1
u¼0
ða  daquÞ x2 þ b  ra
a  da
 qu
x þ c  ha
a  da
 qu !
or
FðxÞ ¼ ½Hða; dÞ1F1ðxÞ ¼
Yn1
u¼0
x2 þ b  ra
a  da
 qu
x þ c  ha
a  da
 qu !
:
By Theorem 1 FðxÞ is irreducible over Fq if and only if x2 þ ðbraadaÞx þ ðchaadaÞ is
irreducible over Fqn : This is equivalent to the condition that
DðaÞ ¼ 2ðbr  2cd  2ahÞ a b
2  4ac
2ðbr  2dc  2ahÞ
 
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is a non-square in Fqn : But the element DðaÞ is a non-square in Fq if and only if
ðDðaÞÞ
qn1
2 ¼ 1; which is the case. Indeed
ðDðaÞÞ
qn1
2 ¼ 2ðbr  2dc  2ahÞ b
2  4ac
2ðbr  2dc  2ahÞ  a
  qn1
2
¼ 2ðbr  2dc  2ahÞ b
2  4ac
2ðbr  2dc  2ahÞ  a
  qn1
q1
8<
:
9=
;
q1
2
¼
Yn1
u¼0
2ðbr  2dc  2ahÞ b
2  4ac
2ðbr  2dc  2ahÞ  a
  qu( )q12
¼ ð2ðbr  2dc  2ahÞÞn
Yn1
u¼0
b2  4ac
2ðbr  2dc  2ahÞ  a
qu
 ( )q12
¼ ð2ðbr  2dc  2ahÞÞnP b
2  4ac
2ðbr  2dc  2ahÞ
  q1
2
¼ 1
This completes our proof. &
Corollary 8. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and
ax2 þ bx þ c and dx2 þ rx þ h be relatively prime, where a; b; c; d; r; hAFq and r2 ¼
4dh and b2 ¼ 4ac: Then polynomial (17) is irreducible over Fq if and only if the element
ð2ðbr  2dc  2ahÞÞnPð0Þ is a non-square in Fq:
For the case when a ¼ c ¼ 0; b ¼ 4h; d ¼ r2
4h
; r; hAFq; ra0; ha0; Theorem 5
gives the following corollary.
Corollary 9. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq and the
element ð2hrÞn is a square in Fq: Then the polynomial
FðxÞ ¼ ðPð0ÞÞ1 ðrx þ 2hÞ
2
4h
 !n
P
ð4hÞ2x
ðrx þ 2hÞ2
 !
ð18Þ
is irreducible over Fq if and only if the element Pð2hr Þ is a non-square in Fq:
In the following theorem there are no restrictions on the degree of a given
polynomial PðxÞ depending on q; unlike the ones given in [6,14–16].
Theorem 6. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq: Suppose
that the elements Pð0Þ; hn and ð2rÞn are squares in Fq and the element Pð2hr Þ is a
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non-square in Fq: Define
F0ðxÞ ¼ PðxÞ;
FkðxÞ ¼ ðFk1ð0ÞÞ1 ðrx þ 2hÞ
2
ð4hÞ
 !tk1
F
ð4hÞ2x
ðrx þ 2hÞ2
 !
; kX1;
where tk ¼ n2k denotes the degree of FkðxÞ: Then for every kX1 FkðxÞ is an irreducible
polynomial over Fq of degree n2
k:
Proof. It is easy to see that FkðxÞ is of degree tk ¼ n2k; kX0: According to (18), by
induction
F0ð0Þ ¼ Pð0Þ;
Fkð0Þ ¼ htk1 ; for every kX1
and
F0
2h
r
 
¼ P 2h
r
 
;
F1
2h
r
 
¼ ðPð0ÞÞ1ð4hÞnP 2h
r
 
¼ c21P
2h
r
 
; for some c1AFq;
Fk
2h
r
 
¼ðFk1ð0ÞÞ1ð4hÞtk1Fk1 2h
r
 
¼ c2kP
2h
r
 
; for some ckAFq; kX2:
Observe that Fkð2hr Þ is a non-square in Fq; since Pð2hr Þ is non-square in Fq for kX0:
An application of Corollary 9 completes our proof. &
For the case when h ¼ 1; r ¼ 2; Theorem 6 gives the following corollary.
Corollary 10. Let PðxÞax be an irreducible polynomial of degree nX1 over Fq: Suppose
that the element Pð0Þ is a square in Fq and the element Pð1Þ is a non-square in Fq: Define
F0ðxÞ ¼ PðxÞ;
F1ðxÞ ¼ ðPð0ÞÞ1ðx þ 1Þ2nP 4xðx þ 1Þ2
 !
;
FkðxÞ ¼ ðx þ 1Þ2tk1Fk1 4xðx þ 1Þ2
 !
; kX2;
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where tk ¼ n2k denotes the degree of FkðxÞ: Then for every kX1 FkðxÞ is an irreducible
polynomial over Fq of degree n2
k:
For the case when a ¼ h ¼ 1; d ¼ r ¼ 0 and b; cAFq; from Theorem 5 we have the
following corollary.
Corollary 11. If PðxÞ is an irreducible polynomial of degree nX1 over Fq; then for any
b and cAFq the polynomial
FðxÞ ¼ Pðx2 þ bx þ cÞ ð19Þ
is irreducible over Fq if and only if the element ð1ÞnPð4cb24 Þ is a non-square in Fq:
Corollary 11 allows us to give a recurrent method for constructing irreducible
polynomials over Fq:
Let b; cAFq and w ¼ 4cb24 : If w2 þ bw þ c ¼ w; then w ¼ b2 and c ¼ b
2
4
 b
2
: Hence
relation (19) turns into
FðxÞ ¼ P x2 þ bx þ b
2
4
 b
2
 
and
F b
2
 
¼ P b
2
 
: ð20Þ
Thus we have the following theorem.
Theorem 7. Let PðxÞ be an irreducible polynomial of degree nX1 over Fq; where n is
even if q 	 3 ðmod 4Þ and bAFq: Suppose that the element Pðb2Þ is a non-square in Fq:
Define
F0ðxÞ ¼ PðxÞ;
FkðxÞ ¼ Fk1 x2 þ bx þ b
2
4
 b
2
 
; kX1:
Then for every kX1 FkðxÞ is an irreducible polynomial over Fq of degree n2k:
Proof. It is easy to see that FkðxÞ is of degree n2k; kX0: According to (20), by
induction, we have Fkðb2Þ ¼ F0ðb2Þ: Note that either 1 is a square in Fq (for
q 	 1 ðmod 4Þ) or n is even. Hence ð1ÞnPðb
2
Þ is a non-square in Fq when Pðb2Þ ¼
F0ðb2Þ is a non-square in Fq; implying that Fkðb2Þ is a non-square in Fq; for kX0:
The result now follows from Corollary 11. &
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Let us study three cases of interest b ¼ 0;72:
Corollary 12. If F0ðxÞ is an irreducible polynomial of degree nX1 over Fq; where n is
even if q 	 3 ðmod 4Þ; then
(a) FkðxÞ ¼ Fk1ðx2 þ 2xÞ is irreducible over Fq if and only if the difference of the
sums of even and odd coefficients in F0ðxÞ is a non-square in Fq:
(b) FkðxÞ ¼ Fk1ðx2  2x þ 2Þ is irreducible over Fq if and only if the sum of all the
coefficients in F0ðxÞ is a non-square in Fq:
(c) FkðxÞ ¼ Fk1ðx2Þ is irreducible over Fq if and only if the free coefficient in the
polynomial F0ðxÞ is a non-square in Fq:
4. An iterative construction of minimal polynomials
Deﬁnition. a is said to be a proper element of Fqn if aAFqn and aeFqv for any proper
divisor of n:
The following method for constructing irreducible polynomials over Fq is
interesting from both a theoretical and a practical point of view. Note that given
the minimal polynomial PðxÞ of an element a over Fq it suffices to construct
iteratively the minimal polynomial of a2
k
; kX1:
Theorem 8. Let PðxÞ ¼Pnu¼0 auxuAFq½x be any irreducible polynomial of degree
n41 of order e and with at least one coefficient a2iþ1a0 ð0pipIn2mÞ:1 Then the
polynomial
gðxÞ ¼ ð1Þn
X
0pjpn
uþv¼2j;voupn
ðð1Þu2auav þ ð1Þja2j Þxj
of degree n is irreducible over field Fq and is of the order
e
gcdðe;2Þ:
Proof. Using the irreducibility of polynomial PðxÞ over Fq; we have the following
relation over the ﬁeld Fqn
PðxÞ ¼
Yn1
u¼0
ðx  aquÞ;
implying
PðxÞPðxÞ ¼ ð1Þn
Yn1
u¼0
ðx2  a2quÞ: ð21Þ
1Ixm is the largest integer less than or equal to x and Jxn is the smallest integer greater or equal to x:
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On the other hand,
PðxÞPðxÞ ¼
XIn2m
u¼0
a2ux
2u
0
@
1
A
2
x2
XJn2n1
u¼0
a2uþ1x2u
0
@
1
A
2
: ð22Þ
From expressions (21) and (22) we obtain the relation
XIn2m
u¼0
a2ux
2u
0
@
1
A
2
x2
XJn2n1
u¼0
a2uþ1x2u
0
@
1
A
2
¼ ð1Þn
Yn1
u¼0
ðx2  a2quÞ:
Substituting x for x2 in the last relation, we get
XIn2m
u¼0
a2ux
u
0
@
1
A
2
x
XJn2n1
u¼0
a2uþ1xu
0
@
1
A
2
¼ ð1Þn
Yn1
u¼0
ðx  a2quÞ: ð23Þ
Squaring the left-hand side expressions in (23), we get a polynomial with the terms
a22ux
2u; 2a2va2ux
vþu;a22uþ1x2uþ1;2a2vþ1a2uþ1xuþvþ1:
Summing up the terms a22ux
2u and a22uþ1x2uþ1; we obtain
Xn
j¼0
ð1Þja2j xj
and summing up the remaining terms, we obtainX
0pjpn
uþv¼2j;voupn
ð1Þu2auavxj:
Later summing up the terms with the same degrees and multiplying the both sides of
(23) by ð1Þn; we have
ð1Þn
X
0pjpn
uþv¼2j;voupn
ðð1Þu2auav þ ð1Þja2j Þxj ¼
Yn1
u¼0
ðx  a2quÞ:
Now it remains to show that if there exists a coefﬁcient a2iþ1a0 of the polynomial
PðxÞ; then b ¼ a2 is a proper element of Fqn : Let us assume the contrary that bAFqv ;
where v is a proper divisor of n: Clearly,
PðxÞ ¼
Xn
u¼0
aux
u ¼
XIn2m
u¼0
a2ux
2u þ x
XJn2n1
u¼0
a2uþ1x2u:
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Substituting a for x in this relation, we have
PðaÞ ¼
XIn2m
u¼0
a2ua2u þ a
XJn2n1
u¼0
a2uþ1a2u ¼ 0
and substituting b for a2; we have that
XIn2m
u¼0
a2ub
u þ a
XJn2n1
u¼0
a2uþ1bu ¼ 0: ð24Þ
Since PðxÞ is an irreducible polynomial and there exists a coefﬁcient a2iþ1a0;
then
PJn
2
n1
u¼0 a2uþ1b
ua0 and from (24) it follows that a ¼ ðPIn2mu¼0 a2ubu=PJn
2
n1
u¼0 a2uþ1b
uÞAFqv ; a contradiction that a is a proper element of Fqn : Thus a2 is
a proper element of Fqn ; implying that gðxÞ is the minimal polynomial of a2:
Evidently, if PðxÞ is of order e; then gðxÞ is of order e
gcdðe;2Þ: This completes the proof
of Theorem 8. &
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